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qRqS qI
vRI = kRIqIvIS = kISqIqSSIR

 MODEL:

  

!S= ! " IS# f ( I ,S)
!I = " IS! $ I # g( I ,S)
!R= $ I # h( I ,S)

  R! N " I " S         #   !R= !N ! !S! !I = ! !S! !I
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qRqS qI
vRI = kRIqIvIS = kISqIqSSIR

 MODEL:

   

!S= 0 = ! " IS

!I = 0 = " IS! # I $ S* =
#
"

,I *= 0,R* = N ! S*
  ! S* = N,I* = 0,R* = 0 or S* = 0,I* = 0,R* = N

C&$(.*5)5045*:$2-,-($95-6$5+-(4:('5,-($+*:0(4$&3$5+3(1-('2<$D5-6(4$
(;5'(:51$2;4(,'2$3*))8$&4$+(E(4$-,F(2$&G$,+'$52$-4,+25(+-$,+'$2:,))<$
H5G(4(+-$-6,+$),2-$1,2(<$
$
"3$5+-(4(2-('$5+$96(-6(4$(;5'(:51$95))$6,;;(+7$2-,4-$95-6$@42-$
(.*5)5045*:<$



I,+$9($2&)E($-6(2($,+,)8/1,))8$&4$+*:(451,))8>$
I,+$9($2,8$,+8-65+J$,0&*-$2-,05)5-8>$

Easy to construct Jacobian. But where are we perturbing 
from? Equilibrium is very start or very end of infection. Can 
reason you canÕt go back from all individuals being recovered. 
Look at start to see if it takes off? I*=0 and S*=N 
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I,+$9($2&)E($-6(2($,+,)8/1,))8$&4$+*:(451,))8>$
I,+$9($2,8$,+8-65+J$,0&*-$2-,05)5-8>$

Find eigenvalues of 
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Stability determined by sign of ! + so stable if R0 < 1. 
Consistent with earlier interpretation from SIS! 
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Dynamics completely determined by nonzero eigenvalue 
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Or use our simpler method from Lecture 2 and go directly to 
eigenvalues of interaction matrix. What does this assume 
about state IÕm perturbing from? Assumes equilibrium just like 
last case. 
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Pure imaginary so oscillations. But this doesnAût agree with 
first method, so what gives?? 

In deriving this, we divided by X so assumed it did not equal 0. But 
X=I is zero at our fixed point/equilibrium so violates assumption. 
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The more infected and recovered individuals there are, the 
harder it is to infect someone, so again logistic and just want to 
know how many are susceptible (S) versus how many are not 
(I+R). 

W68$'5G(4(+-$5+3(1/&+$3&41(>$

Can again redo equation with force of infection given by below 
and most typical models do this, but now 
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qRqS qI
vRI = kRIqIvIS = kISqIqS

vSR = kSRqR

SIRS 
MODEL:

   

!S= ! " IS+#(N ! I ! S)
!I = " IS! $ I

 $$

 R = N ! I ! S Y(+(4,-(2$4('*+',+-$(.*,/&+2$



!"#!$%&'()X$@A('$;&5+-2B(.*5)5045*:$

   

!S= 0 = ! " IS+#(N ! I ! S)

$ I =#(N ! %
" )/(%+#)=N

(1! 1
R0

)

(1+ %
# )

!I = 0 = " IS! %I $ S= %
"

 $$

%&'5@1,/&+$&3$+(9$-(4:$$
Z'(+&:5+,-&4[$/:(2$2,:($4(2*)-$
34&:$!"!$:&'()$
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For intermediate equilibrium that is now nonzero , can use old 
simpler trick that goes directly from interaction matrix 

!

" =
# ! "

" #

#

$
%%

&

'
((

!!
λ

±
=

"
#

" #$± %" #$&# − ' ( ) *$⎡
⎣⎢

⎤
⎦⎥

= ±$β

!!
" #"=#$ %&' "( ! )

Pure imaginary so oscillations around this fixed point or 
equilibrium state! Possible source of fluctuations in time for 
flu, cold, measles, etc. 
 



I,+$9($2&)E($-6(2($,+,)8/1,))8$&4$+*:(451,))8>$
I,+$9($2,8$,+8-65+J$,0&*-$2-,05)5-8>$

For equilibrium that starts epidemic (I*=0, S*=N) must still go 
back to standard Jacobian approach 
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Find eigenvalues of 
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Note if 
it follows that system is unstable (! >0) and epidemic takes off. 
New parameter is fundamental. Effect of !  is counterintuitive 
because depleting R back to S, so not actually ÒstoppingÓ 
infections but rather keeping large original R0 is still number of 
new infections per infected individual while new R0 is more like 
number of new individuals that stay out of susceptible 
compartment per infected individual. Not quite the same! 
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The Eyam  Plague of 1666 ( Yersinia pestis ) 

Fixed population size N!  

Population sizes ( S + I + R = N = 261) June 18 to Oct.  20 1666 (Raggat  1982)  
I n f e c t e d s  7  1 4  2 2  2 9  2 0  8   8  0   
Suscept ib les  254 235 201 153 121 110 97 83  

Villagers then isolated themselves  
Great Plague of London 

(Stochastic) compartmental model  
Susceptible-Infected-Removed  

0  0 . 5  1  1 . 5  2  2 . 5  3  4   

McKendrick (1926); Kermack and McKendrick (1927)  

!SI  "I   
S            I  R  

Time (months)  

Courtesy of: Marc A. Suchard  UCLA -- Big ID Data Inference  

NOT SIR dynamics according to model because R 0 is large 
and would expect all to go to R!  



W6,-$1&*)'$9($:&'538$&4$5:;4&E($,0&*-$:&'()2>$

1.! Let population size, N, change in time 

2.! Allow births and deaths 

3.! Allow deaths due to disease, at different rate than normal 
mortality 

4.! Include effects of vectors like mosquitoes for malaria 

5.! Include time delays and discrete equations 

6.! Include spatial or network structure 

7.! R0 may change in time. Calculation only for perturbing off 
initial state. WonÕt hold forever. 

8. DoesnÕt include measure taken to prevent spread 
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qRqS qI
vRI = kRIqIvIS = kISqIqSSIR

 MODEL:

  

!S= ! " # IS" µS$ f ( I ,S)
!I = # IS" %I " µ I $ g( I ,S)
!R=%I " µR$ h( I ,S)

  
!N = !S+ !I + !R= ! " µN

P,2-$(.*,/&+$+&$)&+J(4$4('*+',+-$0(1,*2(7$$
$

D.*5)5045*:$Z@A('$;&5+-[$,0*+',+1($52$-6*27$$
$

 N* = Λ / µ
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qRqS qI
vRI = kRIqIvIS = kISqIqSSIR

 MODEL:

I&:;,45+J$95-6$!"#$:&'()7$-6($! $-(4:$1,+$0($4(;),1('$
95-6$,$+(9$1&+2-,+-$$! T\ $-6,-$'&(2$+&-$16,+J($(.*,/&+27$
,+'$4,-6(4$-6,+$*25+J$1&+2-,+-$! 7$9($*2($(.*5)5045*:B@A('$;&5+-$
! $08$,22*:5+J$;&;*),/&+$4(,16(2$(.*5)5045*:$0(3&4($5+3(1/&+$$
6,;;(+27$96516$52$!"##$)5F($,22*:5+J$1&+2-,+-$;&;*),/&+$25]($3&4$$
5+3(1/&+$'8+,:512<$!(;,4,/&+$&3$/:(21,)(2<$
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!"#$054-6R'(,-6$:&'()$

qRqS qI
vRI = kRIqIvIS = kISqIqSSIR

 MODEL:

  

!S= ! " # IS" µS$ f ( I ,S)
!I = # IS" %I " µ I $ g( I ,S)
!R=%I " µR$ h( I ,S)

I45/152:2$&3$:&'()<$"+$1&:;,45+J$-&$,))$&*4$J4&9-6$,+'$5+-(4,1/&+$
(.*,/&+27$968$'&(2+^-$-6($J4&9-6$-(4:$'(;(+'$'54(1-)8$&+$#$5+2-(,'$
&3$0(5+J$1&:;)(-()8$5+'(;(+'(+-$&3$,0*+',+1(<$=)2&7$968$52$:&4-,)5-8$$
3&4$5+3(1-('$5+'5E5'*,)2$-6($2,:($,2$4(1&E(4('<$!((:2$)5F($5+3(1/&+$$
9&*)'$5+14(,2($:&4-,)5-8$4,-(<$
$



Statistical connectivity/degree 
distributions and growth of networks 



Erdos-Renyi random graphs 

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Examples of distributions of real data 

=1-&42$$$$$$$$$$$$$$$$$$$$$$$$"+-(4+(-$$$$$$$$$$$$$$$$$K&9(4$J45'$

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Preferential Attachment for growth 
models of networks 

1.! Start with m0 unconnected nodes 
 
2.! Network grows one node at a time (gene duplication, 

species invasion, etc) 

3.! Add 1 node at a time and form m new connections 
between this node and existing nodes.  

4.! Connections are formed with probability 
      where ki is the connectivity of node i. 

 (preferential attachment, rich get richer, Yule process, 
cumulative advantage) This is a type of self similarity! 
Power laws are to be expected. Will learn this later. !  

ki / k j"

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Scaling of connectivity 

Total number of nodes at time t is m0+t 
 
Total number of edges is mt=  

Connectivity at next time step is on average (edges canÕt 
be lost): 

 
 

!  

k j" /2

!  

ki(t +1) = ki(t)+m[ki(t) / k j ]"

€ 

ki (t)∝ t

C*:0(4$&3$+(9$
('J(2$,-$+(A-$/:($2-(;$

K4&0,05)5-8$&3$-6,-$$
1&++(1/&+$J&5+J$-&$+&'($5$

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Scaling of connectivity 

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Scaling of probability density 
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+&'($5$1,:($5+-&$(A52-(+1($

=E(4,J($1&++(1/E5-8$&3$,+8$$
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k2(m0 + t)

€ 

dP
dk

∝ k−3
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Scaling of probability density 

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Scaling of probability density 

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Scaling of probability density 

=''5+J$('J(2$95-6&*-$
,''5+J$+(9$+&'(2$'&(2$
+&-$4(,16$(.*5)5045*:$
$
$

_,4,0,25$,+'$=)0(4-7"#5+'05'"<==="



Metabolic networks 



E coli metabolic substrate network 

_,4,0,25$,+'$=)0(4-7"!.>-4'"8???"



=416,(, $ D$1&)5$

I$()(J,+2 $ =E(4,J($,14&22$
`a$&4J,+52:2$

Scaling of probability density 
in metabolic networks 

_,4,0,25$,+'$=)0(4-7"!.>-4'"8???"



Scaling of lengths with node removal 

_,4,0,25$,+'$=)0(4-7"!.>-4'"8???"



I)*2-(45+J$



b(,2-$%(-,0&)52:$



cE(4),8$&3$:&+&164&:,/1$,+'$
3*+1/&+,))8$,++&-,-('$J4&*;2>$
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I,+$9($'&$4(E(42($3&4$'4*J2$,+'$1)*2-(4$
:&+&164&:,/1,))8$-&$@+'$3*+1/&+,)$J4&*;2>$

I&+2-4*1-$+(-9&4F$3&4$,))$;,54952($5+-(4,1/&+27$
!-,4-$95-6$(,16$J(+($5+$5-2$&9+$J4&*;<$$
I)*2-(4$08$;,542$53$-6(8$5+-(4,1-$95-6$&-6(4$J(+(2$5+$2,:($9,8<$
#(.*54($:&+&164&:,/15-87$(,16$J4&*;$:*2-$5+-(4,1-$95-6$,))$
&-6(4$J4&*;2$5+$2,:($9,8$
W5-65+$,$J4&*;$-6(4($52$+&$4(.*54(:(+-$3&4$:&+&164&:,/15-8$
%,F($1)*2-(4$25](2$,2$),4J($,2$;&2250)($
I,+$:,F($-652$:&4($:,-6(:,/1,)$,+'$2*0-)($0*-$0,251$5'(,$
4(.*54(2$25:;)($4*)(2$,+'$)5f)($:,-6$
$



I,+$9($'&$4(E(42($3&4$'4*J2$,+'$65(4,41651,))8$
1)*2-(4$:&+&164&:,/1,))8$-&$@+'$3*+1/&+,)$J4&*;2>$

e&9$1)*2-(4,0)($,4($+(-9&4F2>$
"2$1)*2-(45+J$*+5.*(>$
"3$+&-7$96516$5+2-,+/,/&+$52$16&2(+>$

K),8$1)*2-(4$:&E5($5+$gPI$
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H4*JRH4*J$C(-9&4F$$d*+1/&+,)$I),225@1,/&+$

I())$W,))$

=:5+&J)81&25'(2$

d&)51$=15'$

aL!$hL!$

HC=$

K4&-(5+$!8+-6(252$
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=:5+&J)81&25'(2$

d&)51$=15'$

aL!$hL!$

HC=$
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K4&-(5+$!8+-6(252$
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H4*JRH4*J$C(-9&4F$$d*+1/&+,)$I),225@1,/&+$

I())$W,))$

=:5+&J)81&25'(2$

d&)51$=15'$

aL!$hL!$

HC=$

K4&-(5+$!8+-6(252$

b(6C"'>".%7"@"!.>7"A'07"8??D"



H4*JRH4*J$C(-9&4F$$d*+1/&+,)$I),225@1,/&+$

I())$W,))$

=:5+&J)81&25'(2$

d&)51$=15'$

aL!$hL!$

HC=$

K4&-(5+$!8+-6(252$

b(6C"'>".%7"@"!.>7"A'07"8??D"



H4*JRH4*J$C(-9&4F$d*+1/&+,)$I),225@1,/&+$

I())$W,))$

=:5+&J)81&25'(2$

d&)51$=15'$

aL!$hL!$

HC=$

K4&-(5+$!8+-6(252$
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H4*JRH4*J$C(-9&4F$d*+1/&+,)$I),225@1,/&+$

I())$W,))$

=:5+&J)81&25'(2$

d&)51$=15'$

aL!$hL!$

HC=$

K*-,/E($+&E()$,1/&+$
:(16,+52:2$

K4&-(5+$!8+-6(252$

b(6C"'>".%7"@"!.>7"A'07"8??D"



%&+&164&:,/1$&4J,+5],/&+$(A52-2$5+$-6($8(,2-$:(-,0&)51$
+(-9&4F7$0*-$52$E(48$*+)5F()8$5+$4,+'&:$+(-9&4F2$
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I&+1)*25&+2$
$
¥! H4*J2$1,+$0($1),225@('$08$-6(54$*+'(4)85+J$

:(16,+52:$&3$,1/&+$0,2('$&+)8$&+$;4&;(4/(2$
&3$-6(54$5+-(4,1/&+$+(-9&4F<$$

¥! H4*J2$95-6$+&E()$:(16,+52:$&3$,1/&+$1,+$0($
5'(+/@('$,2$'4*J2$-6,-$1,++&-$0($1),225@('$95-6$
,+8$(A52/+J$J4&*;2<$$$



Lots of other clustering and community 
structure algorithms 

$
¥! e5(4,41651,)$1)*2-(45+J$
¥! FR:(,+2$,)J&45-6:$$
¥! DA;(1-,/&+R:,A5:5],/&+$,)J&45-6:2$
¥! H(+25-8$:&'()2$
¥! I&::*+5-8$2-4*1-*4($$ZY54E,+RC(9:,+[$
¥! :&'*),45-8$


